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In this paper we present a ring with a Gorenstein module but no dualiz- 
ing module. The context of this example will be illustrated in the historical 
overview presented below. 
In [21] Sharp furnished the definition of a Gorenstein module G of rank t 
over a local, finite-dimensional ring A: G is finitely generated and for 
p~Spec A the Bass number, ,LL~(#z, G), equals t if i= htA(fi) and equals 
zero otherwise. 
Sharp went further to show that any ring admitting a Gorenstein module 
must be Cohen-Macaulay, and also must have Gorenstein formal 
fibres [21]. 
We observe that a Gorenstein module G of rank one over an n-dimen- 
sional local ring (A, m, k) induces a natural equivalence of functors 
Ext;( -, G)=Hom,( -, E(k)) on modules of finite length. For this reason 
Fossum, Foxby, Griffith, and Reiten assigned to Gorenstein modules of 
rank one the name dualizing module [S]. In the same paper, it was 
obtained that any Gorenstein A-module is a direct sum of copies of the 
Gorenstein A-module of minimal rank (of which, up to isomorphism, there 
is only one) [S]. It is clear that if a ring has a dualizing module, then any 
of its Gorenstein modules are direct sums of the dualizing module. 
Foxby [S], Reiten [19], and Sharp [21] showed that a local, Cohen- 
Macaulay ring A admits a dualizing complex if and only if A has a dualiz- 
ing module. 
On the other hand, Grothendieck, who initiated the notion of a dualiz- 
ing complex, provided the following result: 
(0.1) If A is a local, Noetherian ring possessing a dualizing complex, 
then all the formal fibres of A are Gorenstein rings [12, p. 3003. 
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We summarize the information at our disposal: 
Let A be a Cohen-Macalay, local, finite-dimensional ring. Then 
(a) A is a Gorenstein ring a. 
(b) A has a dualizing complex e. 
(c) A has a dualizing module =z-. (0.2) 
(d) A has a Gorenstein module a, 
(e) All the formal libres of A are Gorenstein. 
The obvious conjectures arising from the implications in (0.2) are 
(0.3) If all formal fibres of A are Gorenstein, then A must have a 
dualizing complex (i.e., the converse to (O.l)), and 
(0.4) If (A, +PZ) has a Gorenstein module then A must have a dualizing 
module. 
The above cited paper [5] gave substantial weight to the veracity of the 
conjectures in the following sense: 
The authors showed that for a one-dimensional, Cohen-Macaulay, local 
ring (4 ml, 
A has a dualizing complex o A has a dualizing module * 
A has a Gorenstein module o All the formal libres of A 
are Gorenstein [S, Theorem 5.31. 
Therefore, in the one-dimensional case the conjectures were proved true. 
In a related vein, it was shown that a local, finite-dimensional ring posses- 
sing a Gorenstein module of odd rank must admit a duaizing module 
[S, 4.91, leading us to believe that implications from (c) to (d), and 
possibly, from (d) to (e), of (0.2) may be reversible in general. (That we 
cannot reverse the implication from (a) to (b) can be seen from an example 
given by Sharp [21].) 
However, the main purpose of this article is to exhibit a counterexample 
to (0.4), namely a ring with a Gorenstein module but with no dualizing 
module. Clearly, this same example, then, serves to disprove (0.3) as well. 
We thank the referee for pointing out a paper by Ogoma [lS] in which a 
counterexample to (0.3) is presented. We also appreciate his suggestions 
toward making this paper more concise. 
In Section 1, we give a criterion for modules (over a two-dimensional 
ring A) to descend from the completion 2 to the ring A. The connection 
between this result and the problem at hand becomes apparent upon 
noting that for complete rings the existence of a Gorenstein module implies 
the existence of a dualizing module [S, Corollary 4.81. In Section 2, we 
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apply the results of Section 1 to obtain a ring with a Gorenstein module 
but with no dualizing module. This example is based on a similar construc- 
tion first introduced by Rotthaus [20] and later applied by Ogoma 1171. 
Below, we list some of the terminology and preliminary results used in 
the paper without specific reference. For more detail we refer the reader to 
standard commutative algebra texts such as Matsumura [14] and 
Nagata [ 161: 
(0.5) All rings are assumed to be commutative, Noetherian, and with 
unity. All modules, unless otherwise stated, are finitely generated and 
unitary. 
(0.6) By Sharp [21], a module G over a local ring A is Gorenstein if 
and only if G is finitely generated and inj dim, G = depth, 6. 
Thus it is easy to see the following: 
(0.7) Let (A, KJZ) be a local ring and (H, mH) a local, flat A-algebra. 
Then M is a Gorenstein module for A of Gorenstein rank t if and only if 
M OA H is a Gorenstein module for H of Gorenstein rank t. 
We mention a useful result from homology which we shall use in 
conjunction with the above. 
(0.8) (Rees’ Theorem [14]). Let (A, WZ) be a local ring, M and N be 
finitely generated A-modules. Further, pick t E m to be an M- and A-regular 
element so that t eAnn,(N). Then Ext>(N, M)rExt>&(N, M/t&f) for all 
i E PJ, and Ext>(M, N) z Ext>,,,(n/rltM, N) for al2 iE N u (0). 
(0.9) If A has a Gorenstein module G, then both A and G are Cohen- 
Macaulay and Supp G = Spec A. 
(0.10) Clearly, if A is a Gorenstein ring, then A is a dualizing module 
for A. If 52, is a dualizing module for A, then A has a Gorenstein module 
of any rank t, namely (QA)’ (cf. [S, 4.61). 
(0.11) Foxby [7], Reiten [6], and Sharp [21] provide a useful result: 
Let A be Cohen-Macaulay. The ring A is a homomorphic image of a finite- 
dimensional Gorenstein ring if and only if A has a dualizing module. 
(0.12) For background material on the divisor class group see 
Bourbaki [2] and Fossum [4]. We merely mention here that the dualizing 
module 0, for a normal, local domain A is a divisorial ideal. 
1. DESCENT IN DIMENSION Two 
The main result of this section deals with the possibility of descending 
finitely generated, torsion-free modules of a ring down to modules of a 
subring. 
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We shall be using extensively the concept of a divisor class [M] E Cl(A) 
attached to a finitely generated A-module M. For a detailed account, see 
Bourbaki [Z, Chap. 71. We merely mention several consequences of the 
definition of attached divisor class CM] for M: 
(1.1) If 0 + MI -f M, -5 M, + 0 is a short exact sequence of finitely 
generated A-modules, then [MJ = [Ml] . [MJ. 
(1.2) If L is a free A-module, then [L] = lclcaJ. 
(1.3) If a #O is a fractional ideal of A, then [LG] = [a**]. In other 
words, the divisor class attached to a fractional ideal a is the same as a 
divisor class of div(a) in the usual sense ([2, Chap. 71. 
We now can prove 
(1.4) THEOREM. Let A be a normal domain with Krull dimension greater 
than one and M a finitely generated, torsion-free A-module with rank of M 
equaling n. If qE N - {0}, then the following are equivalent: 
(i) There exists a short exact sequence 
so that 2’ is either an ideal in A of height greater than one (i.e., ht, 2’ > 1 ), or 
4= A. 
(ii) The order of the divisor class attached to M in the divisor class 
group Cl(A) divides q (I [M] 1 divides q). 
Proof (i) =S (ii) Suppose we are given a short exact sequence of 
A-modules 
with jc A. 
Case: ht, j > 1. 
By repeated applications of (l.l), [Mq] = [Ml9 and [Mq] = 
[AEq-‘]. [j]. By (1.2) it follows that [A”q-‘] = lCIcAJ. Also (1.3) implies 
[j]= [j**]. So [Ml”= [j**]. If ht,g> 1, then g**=A. Therefore 
[Ml4 = C-41 = la(~). 
Thus ( [M] ( divides q. 
Case: 2’ = A. 
Then Mq z Anq. The conclusion of (ii) now follows directly by (1.2). 
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(ii) * (i) Let th e order of [M] in Cl(A) divide 4. Since rk,M4 = nq, 
by Bourbaki’s theorem [2, p. 5411, there is a short exact sequence 
with j an ideal in A or j = A. 
Ifg= A, or if ht,j > 1 we are done. Therefore we assume that ht, j = 1. 
As before, CM]“= j-j**]. The hypothesis of (ii) forces [Ml”= 1CI(Aj. 
Therefore g** =xA with XE K- (0). Since j c A, it follows that g** c A, 
and so XEA-(0). Hence ~CXA with LEA-(0). If we let 
jl=(l/x)jc=A, thengg:g, andj:*=A [the latter is so sincej**=xA 
and since (y;)* = (l/y) i* for any y E K - (0 f and any fractional ideal i 
of A]. Thus ht,g, > 1, and so we obtain the short exact sequence 
O+A”4-1 f + M4 x-lg,jl-to, 
where either j1 = A, or j1 is an ideal of A with ht,j, > 1. 1 
The following theorem, a corollary to (1.4), relies on the fact that 
MB-primary ideals in the ring extension (B, MB) of the local ring (A, M) 
descend to m-primary ideals in A. 
(1.5) THEOREM. Let (A, HZ) be a normal, local domain with Krull dimen- 
sion equal to two, and (B, MB) be a normal, local, faithfully flat ring exten- 
sion of (A, HZ) with Krull dimension equal to two such that A is dense in B 
with respect to the +nB-adic topology. Let M be a finitely generated, torsion- 
free B-module with rank n over B. If the order in Cl(B) of the divisor class 
attached to M divides q, then there is a Jinitely generated A-module N such 
that NO A B E Mq. 
Proof By (1.4) there is a Bourbaki ideal short exact sequence 
O-+B”q-l+~q+~-+O 
with either $ = B or $ an ideal in B such that ht, 3 = 2. We let N : = An4 
in the former case, because then Mqz Bnq. In the latter case, d is 
mB-primary and so there is an m-primary ideal j of A such that 
j@,B=$. 
Since j is locally free on the punctured spectrum, Ann,(Exti(j, A)) 
is m-primary. From B= A + GWZ”B for all pz E N, it follows that 
B @A Exti(j, A) g Exti(j, A) as A- and B-modules. Therefore we have the 
A- and B-module isomorphism 
Ext:(j, Anq-‘) --!+% Ext;(y, Bag- ‘), 
which is merely the functor OA B. 
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If we regard Extk(L,, L,) as the set of equivalence classes of R-module 
extensions 
[O+L,-+L,+L,--+O], 
then the above map 0 is 
,8, [o+B”q-l f @A Ids +N&Bmf+O]. 
Since @ is a surjection, given the B-extension 
(E) O+B”q-ltMq-%~+O, 
there is an A-extension 
(5) 0 + A--l r, N&2’+0, 
such that [t aA B] = [El. That is, there is a commutative diagram with 
isomorphic columns: 




(tQ,B) O+Bnq-l~NQAB ----+$-PO. 
g@A’dB 
Thus there is an A-module N such that N QA B s Mq. 1 
(1.6) We remark that if B = Ah, the Henselization of A, then (1.5) is 
applicable. More importantly, for purposes of this article, if A is 
analytically normal and B=/$ the m-adic completion of A, Theorem (1.5) 
applies, allowing us to form: 
(1.7) COROLLARY. Let (A, m) be an analytically normal, local domain of 
Krull dimension two. Suppose that A^ has a dualizing module Qa with finite 
order q in Cl(a). Then (QA)q descends to a finitely generated Gorenstein 
A-module N with rk, N = q. 
(Remark: In (1.7) we can require A to be merely normal, and replace A^ 
by Ah, O,- by QAk.) 
ProojI By (1.5), it is clear that (0~)~ descends to a finitely generated 
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A-module N. That is, fir (52A)q. It remains to show that N is a Gorenstein 
A-module of rank q. 
For this we note that 8~ N @A A r (Q,)q is a Gorenstein A-module of 
rank q. We now apply (0.7) to conclude that N is a Gorenstein A-module 
of rank q also. 
The proof for Ah, 52,,, is the same. i 
(1.8) If q is odd, then N is a Gorenstein A-module of odd rank, and 
therefore is a direct sum of q copies of the dualizing A-module Q, [S, 
Theorem 4.91. Hence, whenever 52, has odd order in Cl(A), the ring A 
actually has a dualizing module of its own. 
2. A NON-SPLIT GORENSTEIN MODULE 
The foremost purpose of this section is to provide a counterexample to 
(0.4), namely a ring with a Gorenstein module of rank two, but with no 
dualizing module. 
In [13], Hochster introduced the idea of a “first general grade reduc- 
tion” of a ring R: 
Suppose R is a ring and i a proper ideal in R generated by the elements 
aI, . . . . a,. Let Xi, . . . . X, be indeterminates over R and f(X) = 
Cr=, aJiE R[X] I= R[X,, . . . . X,]. If we define S to be the ring 
S = R[Xj/( f ), then (S, ;S) is called the first general grade reduction of 
(R ;I. 
Hochster also proved several “stability” theorems with regard to first 
general grade reductions, among which we shall use the following: 
If depth< R B 3 and R is a normal (respectively, factorial) domain, then S 
is a normal (respectively, factorial) domain [13]. 
We apply the above notion for purposes of establishing some “reduction” 
results. 
Localizing the first general grade reduction (S,, MS,) of (a, no) at mSR, 
we obtain a ring, TR, with dim TR = dim R - 1. In order to preserve the 
normality condition, we assume that the dimension of R is at least three. 
(2.1) LEMMA. If (R, m, k) is a local, factorial domain with all its forma/ 
fibres geometrically normal, and if 8 has a dualizing module, Q,, of order 
two in the divisor class group Cl(&), then TR has those same properties, 
Proof: The ring T, is local and by [ 13 ] factorial. Furthermore, T, has 
geometrically normal formal fibres since TR is essentially of finite type over 
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R (which, by the hypothesis, was assumed to have geometrically normal 
formal libres) [ll, p. 581. 
It follows from the above that TR is analytically normal because TR is 
normal [ 11, p. 681. 
If sZti is a dualizing module for i? with order two in Cl(&), then by (0.7) 
and (0.8), 0, OR Tk is a dualizing module for TR. The fact that 
Cl(R) + CI(T,Q) is surjective [l, and Nagata’s theorem] implies that the 
order of a, : = 522 @R TX is either one or two. If the order were one, then 
Tfi would be a Gorenstein ring, and then ff[XlmnliCX, would be Gorenstein 
as well, forcing 0, to have order one since Cl(J) +Cl(&[X],,,,,) is 
injective. Therefore Sz, has order two in C1(Tfi). 
Let hfi denote the +&adic completion of a ring A with respect to a prime 
b E Spec(A). Then there is a local, flat ring extension (A”/“),,,, -+ (AJ”. 
It follows that T, + (TR)* is a local, flat ring extension with 
(mTk).(T,Jh =wz(TJ”. 
Therefore i*: Cl( Tg) + Cl(( TR) A ) is a monomorphism. 
BY (0.7) we find that ( TR) A has a dualizing module 
Sz, @A Tg @ Tfi ( TR) A s 52,~ @ A ( TR) A, with the order in Cl( ( TR) h ) equal- 
ing two since i* is a monomorphism. 1 
We apply Lemma (2.1) repeatedly, if necessary, to obtain from the 
original R a two-dimensional, local, factorial, analytically normal domain 
TR such that (T,J h has a dualizing module of order two in Cl((T,) ” ). 
We are now in the position to use Corollary (1.7) and conclude that TR 
has a Gorenstein module of rank two. Now, ( TR) h is not a Gorenstein ring 
because the order of the dualizing module for ( TR) h in Cl(( TR) h ) is not 
one. Since completions at the maximal ideal preserve the Gorenstein 
property, T, cannot be a Gorenstein ring either. If T, had a dualizing 
module, then T, would be a Cohen-Macaulay homomorphic image of a 
Gorenstein ring by [6] and thus would be forced, itself, into being a 
Gorenstein ring by [15]. 
Therefore TR does not have a dualizing module but has a Gorenstein 
module of rank two. 
It remains to show that there is a ring R satisfying the hypotheses of 
Lemma (2.1). 
Proposition (2.3) below follows closely along the lines of a construction 
presented by Rotthaus and Brodmann in [3], and modified by Ogoma in 
[17] to accommodate the factorial domain condition. For this reason, we 
shall give merely a sketch of the proof. 
(2.2) DEFINITION. The polynomials P,(Z,, . . . . Z,), . . . . P,(Z,, ,.., Z,) in 
az, , ***, Z,] are called absolute prime generators if they satisfy the follow- 
ing two conditions: 
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(i) Let (R, HZ, k) be a regular, local ring with dim R = s > r, containing a 
field, and x1, . . . . x, be a regular system of parameters for R. Then 
(P,(x,, . . . . x,), . . . . P,(x,, . . . . x,))R E Spec R. 
(ii) Let R be an integral domain. Define the ring A to be 
A := RIZI, . . . . Z,]. Then 
(Pl(Z,, . . . . Z,), . . . . P,(Z,, . . . . 2,)) A E Spec A. 
(See Ogoma 1171.) 
(2.3) PROPOSITION. Let B:= K[Z,, . . . . ZrlCZi ,__., =,), and let a:= 
(f’i(Z,, . . . . Z,), . . . . f’,(Z,, ---2 Z.))B, an ideal of B, where PI(Z),..., P,(Z) form 
a set of absolute prime generators and where K is a countable, purely trans- 
cendental extension field of Q of infinite degree. Then there is a local, 
Noetherian, unique factorization domain R such that (B/a) h [[X, Y]] -+ 8 
is an isomorphism. 
Proof: Let Q be the rational number field, {A, 1 i, Jo N > a set of 
indeterminates, and K the field Q( {A, 1 i, j E N 1). After fixing an r E N, 
we set x, Y, Z,, . . . . Z, (in short, X, Y, Z) as indeterminates over K 
and S:= KCX Y, Z1~x,y,z~ with maximal ideal N. We define 
S, = WA, I in N j< l))L-X KZloy,,,. 
Let P0 be a set of all prime elements of S such that for each principal 
prime ideal b of S, there is a unique p E g0 with b =pS, and such that X, 
X+ Y+E~$ for all VE N. 
We are interested in constructing an enumerative map E: N r g0 (where 
s(i) = :pi, ic N) together with a set of integers f ti 1 iE N >, to comply with 
some properties listed in (1”) below: 
First we set q n:=~~=lpj (nEl+J), 5io:=Zi, li,,:=Zi+ny=,Aqq? 
(l<i<m, HEN), and fin:=({In,...,<mn)S (where nEW+), a prime 
ideal of height m. Let PI(Z),..., Pi(Z) be absolute prime generators. 
Define x1 := {P,(tli, . . . . CJ, . . . . P1(tli, . . . . c,J} and Iii:= (kefV I 1 dk<i, 
(xk,pk)S is a prime ideal), and let Property U(i) be the statement: 
For ie N and for each minimal prime over ideal 9 of (xi, p,)S, it is the 
case that q = (xk, pk)S for some k E 17,. 
(1”) The first checkpoint is showing that for each n E N an enumerative 
pair (8: (1, . . . . n> 4 %, (tl, . . . . t,}) exists subject to the following: 
(a) N)=X 
(b) tl< ... <t,, 
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(d) P,E&~ (l<idn), and 
(d satisfying Property U(i) for all i such that 1 < i < n. 
To do this, we present a slight modification of a lemma given in [3, 
p. 3871. 
(2.4) LEMMA. Let p1 =X, p2, . . . . p, E 9& { 1 < t2 < ... < t,} be such that 
pz $ j,- 1. Let p E gO - (pl, . . . . p,, >. Then there are elements p, + 1, . . . . p,, + r E 
{X+ Y” ( VE N} and integers t,+l< ... < tnir (where t,< t,+I) such that 
P~~il+~ and such that p 6 {pl, . . . . pntr} and with U(i) holding for 
ldi<n+r. 
(In our case, set t, = 1 and t, + I = t,+ifor ldi<r; proceed as in [3], 
inductively.) 
(2”) The second checkpoint requires establishing 
(2.5) LEMMA. Let (E: (1, . . ..n} 4 C9fOpo, (1 <t,< ... <t,}) be con- 
structed so that (a), (c), (d), and (e) of (1”) are in force. Let pi S, and 
PE%- {PI, ...? p,>. Then there is an extension (E: (1, . . . . m> 4 PO, 
(1, t2 < ... <t,}) of (E: (1, . . . . n} 4 .9$, (1, t2 < ... <t,}) with n<m, 
satisfying properties (a), (c), (d), and (e) so that E(m) =p. 
(This follows exactly from Ogoma [17, 4.31.) 
We now improve the enumeration E of g0 inductively to obtain a pair 
(E: N %gO, {tL 1 iE N}), satisfying (a) through (e) of (1”) for all ic N. 
(3”) The third checkpoint consists of forming the ring R and confirm- 
ing all of its “desirable” properties. First we consider the following elements 
of S=K[[X, Y, Z,, . . . . Z,.]]: 
i=lj:= P,(<,, . ..) 
ri:= Zi+C,“=, A,@ (1 <iir) and 
5,) (1 < j < 1). Let L be the quotient field of S. We define 
the elements of L: a, = (l/q:) . Pi(ll,, . . . . t,,), where n E N (1 < i < 1). Since 
ai,,+ I =(l/q~::)-P,(5l,+~l,,+lq~::~ ‘.‘P L+4,.+1q&Yl) 
we can write 
where Hi,, E S. 
Let R’= S[a, ( Y~E N, 1 <i< 11. We use the enumeration (E, {ti>) to 
show that NR’ = (X, Y, Z,, . . . . 2,) R’ is a maximal ideal of R’ (see [3]). 
Set R = (R’)JyR,. Brodmann and Rotthaus [3] have proven R to be a local, 
Noetherian domain with fi E s(i?, , . . . . il,)s, 
TO show that R is a factorial domain, we need to check that [17, Lemma 
4.5.11 by Ogoma holds for our general setup: 
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(2.7) LEMMA. S/(p,, x,)Sr R/pnR for all no N, and then apply it to 
show that every height one prime ideal of R is principal (see [ 171). 
We put Proposition (2.3) to work on the following setup: Let 
B : = KCZI, .*-> -m(,,, . ..&)’ K= Q((AV 1 i, je N}), and a be the ideal of 
generated by all the 2 x 2 minors of the symmetric matrix 
L 
Zl z2 z, 
x = z, z, zs 
z3 z5 4 
Let Z denote Z i, . . . . Z,. Thus a = (Pi(Z), . . . . P,(Z))B with 
PI(Z) = Z,ZG - z;, P*(z)=z226-.z~z~, P,(Z)=Z,Z,-ZJ4 
P4(z)=z,z,-z:, P,(Z)=Z,Zg-2322, P,(z)=zlz,-z;. 
We need to confirm that P,, . . . . P, qualify as absolute prime generators: 
(i) Let (R, GM:, k) be a regular, local ring containing a field with 
d : = dim R > 6, and let xi, . . . . x6, . . . . xd form a regular system of parameters 
for R. We must prove that fi : = (P,(xI, . . . . x6), . . . . P,(x,, . . . . x~))RE Spec R. 
It suffices to show that the completion of C := R/k at its maximal 
ideal is an integral domain. Let P : = (P,(T), . . . . P,(T)). Since 
&R-+k[[T,, . ..) TJI, given by xi --) T,, is an isomorphism, it follows 
that e’rk[[T, ,..., Td]]/Pk[[T1 ,..., TJ] and so dr(k[[T, ,..., T6]j/ 
PkCIIT,, . . . . T~sII)[ICTT, .. . . TJ]. In [9] Goto showed that A := 
kCTt, . . . . T&P is a Krull domain if the characteristic of k is not equal to 
two. By [16], A is analytically normal. So Cz a[[T7, . . . . T,]] is a normal 
domain also. With this we have confirmed the first condition for absolute 
prime generators. 
(ii) Furthermore, it is known [9] that (PI, . . . . P,)R is a prime ideal 
if R is a domain. So the second condition in the definition for absolute 
prime generators is satisfied. 
(2.8) By Proposition (2.3) we now obtain a local, factorial domain 
such that 2s (B/a)” [[X, Y]]. 
(2.9) We note that dimR=dimR=dim(B/a)S2=3+2>3 (see [9]). 
(2.10) Since R/fi is essentially of finite type over K, where + is a non- 
zero ,prime ideal of R (see [3]), the formal fibre of R with respect to # is 
geometrically normal (see [ 11 I). The generic formal libre is geometrically 
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normal since i? is normal and char R = 0 (see [16]). It follows that R has 
geometrically normal formal fibres. 
(2.11) Goto and Tachibana have proven that A := B/CC is a normal, 
Cohen-Macaulay, non-Gorenstein domain with Cl(A) = Z/2E (see 
[9, lo]). Since A is a homomorphic image of a Gorenstein local ring of 
finite dimension, A must have a dualizing module a, with order two in 
Cl(A). Then sZA OA a[ [X, Y]] is a dualizing module for a[ [X, Y]] of 
order two in Cl(a[[X, Y]]) since Cl(A) + Cl(a[ [X, Y]]) is an injection. 
Therefore ff has a dualizing module Qg of order two in Cl(&). 
The concluding statements in (2.8) through (2.11) imply that R satisfies 
all of the hypotheses of Lemma (2.1). The discussion following (2.1) 
establishes the existence of the counterexample to (0.4). We also note that 
R is another example of a Cohen-Macaulay, factorial, non-Gorenstein 
domain (see [17]). 
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